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Pair prodution beyond the Shwinger formula in time-dependent eletri elds
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(Dated: Otober 31, 2018)
We investigate eletron-positron pair prodution in pulse-shaped eletri bakground elds using
a non-Markovian quantum kineti equation. We identify a pulse length range for subritial elds
still in the nonperturbative regime where the number of produed pairs signiantly exeeds that
of a naive expetation based on the Shwinger formula. From a oneptual viewpoint, we nd
a remarkable quantitative agreement between the (real time) quantum kineti approah and the
(imaginary time) eetive ation approah.
PACS numbers: 12.20.Ds, 11.15.Tk,
I. INTRODUCTION
It is a long-standing predition of quantum eletrody-
namis (QED) that its vauum is unstable in the presene
of strong eletri elds and deays by emitting eletron-
positron pairs [1, 2℄. The deay of the QED vauum  the
so-alled Shwinger mehanism  has often been analyzed
within equilibrium quantum eld theory, even though it
is a far-from-equilibrium, time-dependent phenomenon.
For resolving the dynamis of the prodution proess, ki-
neti theory inluding a soure term for eletron-positron
pair prodution provides an appropriate approah.
Aording to the nonperturbative Shwinger formula
[3℄, whih is stritly valid only for spatially homoge-
neous and stati eletri elds, a sizeable prodution
rate requires eld strengths of the order Ecr = 1.3 ·
1018V/m. The study of orretions due to spatial or
temporal inhomogeneities has a long history whih in-
ludes exat solutions [4, 5℄, various semilassial meth-
ods [6, 7, 8, 9, 10, 11℄, and funtional tehniques [12℄
as well as Monte Carlo simulations [13℄. Within ki-
neti theory, rst approahes used an instantaneous phe-
nomenologially motivated soure term based on the
Shwinger formula, whih served as a model for both
quark-antiquark pair prodution in hromoeletri ux
tubes and eletron-positron pair prodution even in the
ase of time-dependent eletri elds [14, 15, 16, 17, 18℄.
On the other hand, for spatially homogeneous and time-
dependent eletri elds, a rigorous onnetion between
kineti theory and a mean-eld approximation to QED
has been established [19, 20, 21℄. It was shown that the
true soure term for eletron-positron pair prodution
has intrinsially non-Markovian harater.
In reent years, speial interest has been laid on the
investigation of eletron-positron pair prodution in al-
ternating [22, 23, 24℄ and pulse-shaped eletri elds
[25, 26, 27℄ within the kineti approah inluding the
non-Markovian soure term, with the eld-urrent feed-
bak due to Maxwell's equation taken into aount as
well. Beause of the rapid development of laser tehnol-
ogy during the past years, physiists pin their hopes on x-
ray free eletron laser systems and optial high-intensity
laser systems to experimentally observe the Shwinger
mehanism within the next deades.
In this investigation, we explore the onnetion bet-
ween the non-Markovian and the Shwinger-like soure
term for a pulse-shaped eletri eld in order to look for
a new pair-prodution behavior whih goes beyond the
instantaneous Shwinger approximation.
II. PARTICLE CREATION IN ELECTRIC
BACKGROUND FIELDS
We onsider a spatially homogeneous, time-dependent
Abelian vetor potential in the temporal gauge Aµ(t) =
(0, ~A(t)), with its spatial part dening the zˆ-diretion:
~A(t) = (0, 0, A(t)). The orresponding eletri bak-
ground eld points into the zˆ diretion as well,
~E(t) = −
d ~A(t)
dt
= (0, 0, E(t)) , (1)
whereas the orresponding magneti bakground eld
vanishes:
~B(t) = ∇ × ~A(t) = 0. In our alulations,
we hoose an eletri bakground eld of the form
E(t) =
E0
cosh2 (t/τ)
. (2)
The eld reahes a maximum magnitude of E0 at t =
0 and swithes on and o exponentially near t ≈ ±4τ ,
where the eletri bakground eld drops to a value of
approximately one per mille of the maximum magnitude.
The temporal-gauge vetor potential A(t) giving rise to
this eletri bakground eld is given by
A(t) = −E0τ [1 + tanh (t/τ)] . (3)
A. Quantum kineti equation
A key quantity in the desription of the pair-
prodution proess in the eletri bakground eld is the
2single-partile momentum distribution funtion f(~k, t).
It an be omputed from a quantum Vlasov equation
with a soure term for eletron-positron pair prodution.
It reeives a physial meaning as distribution funtion of
real partiles as we go to asymptoti times t→ ±∞ when
the eletri bakground eld vanishes. In our opinion, a
similar interpretation at intermediate times [24℄ is di-
ult to justify. In addition to the soure term, we would in
general have to take ollisions and the eld-urrent feed-
bak due to Maxwell's equation into aount; however, in
the eld strength regime we are mainly interested in, i.e.
the subritial eld strength regime with E0 ≈ 0.1Ecr,
these eets an be negleted [25℄, and we obtain
dfnM(~k, t)
dt
=
1
2
eE(t)ǫ⊥
ω2(~k, t)
∫ t
−∞
dt′
eE(t′)ǫ⊥
ω2(~k, t′)
(4)
×
[
1− 2fnM(~k, t′)
]
cos
[
2
∫ t
t′
dτ ω(~k, τ)
]
,
with e the eletri harge. ~k = (~k⊥, k3) denotes the
anonial three-momentum vetor with p‖(t) = k3 −
eA(t) being the kineti momentum in the zˆ diretion,
ǫ2⊥ = m
2 + ~k2⊥ is the transverse energy squared and
ω2(~k, t) = ǫ2⊥ + p‖(t)
2
haraterizes the total energy
squared. This equation, whih is valid for both helii-
ties, has a non-Markovian harater for two reasons: the
fator [1− 2f(~k, t)] arising from quantum statistis takes
the time history of the distribution funtion into aount,
whereas the osine fator aounts for the time history
of the eletri bakground eld. In order to simplify the
numerial treatment of this equation, we may introdue
the auxiliary quantities
unM(~k, t) =
∫ t
−∞
dt′
eE(t′)ǫ⊥
ω2(~k, t′)
(5)
×
[
1− 2fnM(~k, t′)
]
sin
[
2
∫ t
t′
dτ ω(~k, τ)
]
,
vnM(~k, t) =
∫ t
−∞
dt′
eE(t′)ǫ⊥
ω2(~k, t′)
(6)
×
[
1− 2fnM(~k, t′)
]
cos
[
2
∫ t
t′
dτ ω(~k, τ)
]
,
and reformulate the integro-dierential equation (4) as a
oupled system of rst order dierential equations:
d
dt
fnM(~k, t) =
1
2
eE(t)ǫ⊥
ω2(~k, t)
vnM(~k, t) , (7)
d
dt
unM(~k, t) = 2ω(~k, t)vnM(~k, t) , (8)
d
dt
vnM(~k, t) =
eE(t)ǫ⊥
ω2(~k, t)
[
1− 2fnM(~k, t)
]
(9)
−2ω(~k, t)unM(~k, t).
While the non-Markovian harater of Eq. (4) due to
the osine fator is ruial for the eletron-positron pair
reation proess, we antiipate that memory eets due
to the statistial fator beome only important for very
strong eletri bakground elds of the order of E0 ≈
Ecr. Then, the Compton time t = 1/m is of the order
of the time sale of eletron-positron pair reation [28℄,
and a sizeable distribution loalized in phase spae is
aumulated suh that statistial eets suh as Pauli
bloking beome relevant. However, in the eld strength
regime we are interested in, E0 ≈ 0.1Ecr, negleting the
statistial fator for f(~k, t) ≪ 1 yields the low-density
approximation:
d
dt
f ld(~k, t) =
1
2
eE(t)ǫ⊥
ω2(~k, t)
∫ t
−∞
dt′
eE(t′)ǫ⊥
ω2(~k, t′)
(10)
× cos
[
2
∫ t
t′
dτ ω(~k, τ)
]
.
This equation an be solved either by diret integration
f ld(~k, t) =
1
2
∫ t
−∞
dt′′
eE(t′′)ǫ⊥
ω2(~k, t′′)
(11)
×
∫ t′′
−∞
dt′
eE(t′)ǫ⊥
ω2(~k, t′)
cos
[
2
∫ t′′
t′
dτ ω(~k, τ)
]
,
or, as before, by reformulating it as a oupled system of
rst-order dierential equations:
d
dt
f ld(~k, t) =
1
2
eE(t)ǫ⊥
ω2(~k, t)
vld(~k, t) , (12)
d
dt
uld(~k, t) = 2ω(~k, t)vld(~k, t) , (13)
d
dt
vld(~k, t) =
eE(t)ǫ⊥
ω2(~k, t)
− 2ω(~k, t)uld(~k, t) . (14)
An important observable is given by the asymptoti
partile number density n[e+e−] whih is obtained as an
integral of the asymptoti distribution funtion f(~k,∞)
n[e+e−] = 2
∫
d3k
(2π)3
f(~k,∞) , (15)
with the fator of 2 arising from spin degeneray.
B. Eetive ation approah
We briey summarize the main results obtained within
the eetive ation approah to eletron-positron pair
prodution for later use. Within this approah the
vauum-to-vauum persistene amplitude in the presene
of an external eletromagneti eld Aµ is represented as
〈0|0〉
A
= exp [iSeff ] , (16)
with Seff denoting the eetive ation. At weak elds,
the imaginary part of the eetive ation is an estimate
3of the number of produed eletron-positron pairs per
unit volume [4, 29℄,
neff [e+e−] ≃ 2 Im [Seff ] . (17)
For the present eletri eld Eq. (2), an exat integral
representation of the imaginary part of the eetive a-
tion an be found [4, 5℄:
Im [Seff ] = −
1
8π2
∫
d3k ln
[
(1 − e−piΩ+)(1− e−piΩ−)
]
,
(18)
with Ω± = τ(α+ + α− ± 2eE0τ) and α± =√
ǫ2⊥ + (k3 ± eE0τ)
2
.
C. Instantaneous approximation
Results onerning eletron-positron pair prodution
in time-dependent eletri elds E(t) within both the
quantum kineti approah and the eetive ation ap-
proah were derived long after Shwinger had found an
analyti expression for the vauum deay rate in a spa-
tially homogeneous but stati eletri eld E0 pointing
into the zˆ diretion:
Im [Seff ] =
e2E20
8π3
∞∑
n=1
1
n2
exp
(
−
nπm2
eE0
)
. (19)
As an ansatz, this result was assumed to approximately
hold for arbitrary time-dependent eletri bakground
eld E(t) as well. This served as a starting point for
formulating a Vlasov equation for the single-partile mo-
mentum distribution funtion inluding an instantaneous
phenomenologially motivated soure term for eletron-
positron pair prodution [14, 17, 18℄:
d
dt
fS(~k, t) = −eE(t) δ(k3 − eA(t))
× ln
[
1− exp
(
−
π(m2 + ~k2⊥)
eE(t)
)]
. (20)
The instantaneous soure term is hosen in suh a way
that Eq. (19) is reovered [with E0 being replaed by
E(t)℄ upon integrating over the whole momentum spae
and by inluding a fator of 2 for spin degeneray. Of
ourse, using the instantaneous soure term is not jus-
tied in the presene of a rapidly varying eletri bak-
ground; deviations of the full result from this approxima-
tion for time-dependent elds E(t) point to new proper-
ties of pair prodution beyond the Shwinger formula,
whih will be investigated in the next setion.
III. NUMERICAL RESULTS
In our studies, we ompare n[e+e−] obtained by means
of the numerial solution of both the non-Markovian
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FIG. 1: Logarithmi plot of the number density n[e+e−] al-
ulated for E0 = 0.1Ecr as a funtion of the temporal width τ
in units of [2 · 10−5 eV−1]. Dashed line: solution obtained for
the non-Markovian equation (4) and within the eetive a-
tion approah Eq. (18). Dotted line: solution obtained within
the low-density approximation Eq. (10). Solid line: solution
obtained in the instantaneous approximation Eq. (19).
equation (4) and the low-density approximation (10)
with the exat eetive ation result Eq. (18) and the
instantaneous approximation (19), in order to look for
new pair-prodution properties in time-dependent ele-
tri bakground elds E(t) whih are unexpeted from
the Shwinger formula (19). We also hek the validity
of the low-density approximation in this eld strength
regime. The numerial solutions are found by rst solv-
ing the oupled system of rst-order dierential equa-
tions (7)−(9) and (12)−(13), respetively. We use an
adaptive Runge-Kutta method and then perform the mo-
mentum integral Eq. (15) on a nite momentum grid.
Obviously, the asymptoti partile number density
within the instantaneous approximation should be di-
retly proportional to the temporal width τ of the eletri
pulse; f. Eq. (19):
nS [e+e−] =
e2E20τ
4π3
∫ ∞
−∞
dt′ (21)
×
1
cosh4(t′)
exp
(
−
πm2 cosh2(t′)
eE0
)
.
A. Pulse length and eld strength dependene
As a rst aim, we explore the asymptoti partile num-
ber density n[e+e−] reahed in an eletri bakground
eld with E0 = 0.1Ecr as a funtion of the temporal
width τ ranging from 2 · 10−5 eV−1 to 2 · 10−4 eV−1,
f. Fig. 1 and Table I. The shortest time sale has
been hosen suh that the Keldysh adiabatiity parame-
ter γ = Ecr/(Emτ) ≃ 1, separating the nonperturbative
Shwinger regime γ ≪ 1 from the perturbative multipho-
ton region γ ≫ 1.
First we note that the results obtained by means of
40
100
200
300
È k
Ó
¦ È @keVD
0.2
0.4
0.6
0.8
p° @MeVD
210-12
410-12
FIG. 2: Momentum spae plot of the asymptoti distribution
funtion fnM(~k,∞) alulated for E0 = 0.1Ecr and τ = 2 ·
10−5 eV−1 ≈ 10 ·tc. It is an advantage of the quantum kineti
approah that the position and the width of the peak of the
distribution funtion in momentum spae an be alulated
very preisely.
the non-Markovian equation (4) and the eetive ation
approah Eq. (18) oinide up to the third digit, with
the numerial deviation arising from the nite numer-
ial auray. Hene, we have shown the equivalene
between the (imaginary time) eetive ation approah
and the (real time) quantum kineti approah. Moreover,
the quantum kineti alulation ontains in addition to
the partile number density n[e+e−] useful information
about the momentum spae distribution f(~k,∞) of the
eletron-positron pairs, f. Fig. 2.
Seond, omparing the results obtained by means of
the non-Markovian equation (4) and the instantaneous
approximation Eq. (19) indiates that the latter signi-
antly underestimates the reahable partile number den-
sity at short times. For example, deviations greater
than a fator of 400 our at extreme short time sales
TABLE I: nnM[e+e−]/nS[e+e−] as a funtion of the temporal
width τ in units of [2 · 10−5 eV−1] and the ratio E = E0/Ecr.
Espeially in the viinity of τ ≈ 10 · tc and E0 = 0.1Ecr we
obtain a vast disrepany. Points with deviations greater than
10% are labeled boldfae.
❅
❅E
τ
1 2 3 4 5 6 7 8
0.1 420.4 6.568 2.311 1.555 1.286 1.159 1.087 1.043
0.2 2.969 1.295 1.093 1.029 1.001 0.985
0.3 1.452 1.073 1.012 0.991 0.982
0.4 1.187 1.023
0.5 1.096
0.6 1.056
0.7 1.035
0.8 1.022
0.9 1.014
1 1.009
τ = 2 · 10−5 eV−1 ≈ 10 · tc, with tc orresponding to the
Compton time. The Shwinger result is obtained again
for temporal widths τ & 70 · tc. Our results onrm the
observation that time variations of the eld generially
inrease the pair-prodution yield [7, 11℄.
As a seond aim, we explore the asymptoti parti-
le number density n[e+e−] reahed in an extreme short
pulse, i. e. τ = 2 · 10−5 eV−1 ≈ 10 · tc, as a funtion of
the eld strength of the eletri bakground eld with E0
ranging from 0.1Ecr to Ecr, f. Fig. 3 and Table I. The
numerial results indiate that the instantaneous approx-
imation signiantly underestimates the reahable parti-
le number density for subritial eld strengths, whereas
the Shwinger result is obtained again for eld strengths
of the order of E0 & 0.5Ecr where the Keldysh parameter
drops below γ ≃ 0.2.
B. Non-Markovian solution vs low-density
approximation
In Table II we show the ratio nld[e+e−]/nnM[e+e−] in
order to explore the validity region of the low-density ap-
proximation. For weak and stati eletri elds E(t) =
E0 < Ecr, the appliability of this approximation has
been shown [30℄. For pulse-shaped elds, the low-density
approximation yields good results with deviations of the
order of 10% only in the eld strength regime E0 ≈
0.1Ecr but beomes unreliable when reahing higher eld
strengths. This deviation inreases only very slowly with
pulse length, whereas for inreasing eld strengths the de-
viation rises signiantly. Although the quantitative re-
sults within the low-density approximation get worse for
higher eld strengths, the approximation does not break
down ompletely but still gives a reasonable qualitative
piture. However, for aurate preditions of the single-
partile momentum distribution funtion f(~k,∞) and the
partile number density n[e+e−] one has to take all non-
Markovian eets into aount. Additionally, near and
TABLE II: nld[e+e−]/nnM[e+e−] as a funtion of the temporal
width τ in units of [2 · 10−5 eV−1] and the ratio E = E0/Ecr.
The numerial results show a strong E dependene whereas
the inuene of the pulse length on the result is very weak.
❅
❅E
τ
1 2 3 4 5 6 7 8
0.1 1.127 1.150 1.156 1.158 1.159 1.159 1.160 1.160
0.2 1.175 1.188 1.191 1.192 1.192 1.192
0.3 1.206 1.214 1.216 1.217 1.217
0.4 1.229 1.235
0.5 1.247
0.6 1.263
0.7 1.277
0.8 1.289
0.9 1.300
1 1.310
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FIG. 3: Logarithmi plot of the number density alulated for
τ = 2 · 10−5 eV−1 ≈ 10 · tc as a funtion of the eld strength
E0. Dashed line: solution obtained for the non-Markovian
equation (4) and within the eetive ation approah Eq. (18).
Dotted line: solution obtained within the low-density approx-
imation Eq. (10). Solid line: solution obtained in the instan-
taneous approximation Eq. (20).
beyond E0 ≈ Ecr, also the eld-urrent feedbak due to
Maxwell's equation eventually needs to be taken into a-
ount. More detailed omparisons between dierent ap-
proximations to the quantum kineti equation inluding
those with bakreation an be found in [31℄.
IV. CONCLUSIONS
We have numerially investigated eletron-positron
pair reation in short pulse-shaped eletri bakground
elds by means of an existing quantum kineti formula-
tion. A thorough omparison is made to results obtained
from an exat eetive ation method and a phenomeno-
logially motivated instantaneous approximation.
One main result is the perfet agreement between the
(real time) quantum kineti approah and the (imaginary
time) eetive ation approah. This is quite remarkable
sine the onepts behind these two approahes are very
dierent: The quantum kineti equation desribes the
real time nonequilibrium evolution of the quantum sys-
tem whereas the eetive ation approah is an imaginary
time equilibrium method.
Additionally, we have shown that the instantaneous
approximation drastially underestimates the reahable
partile number density in the eld strength regime E0 ≈
0.1Ecr when dealing with extreme short temporal widths
τ ≈ 2 · 10−5 eV−1 ≈ 10 · tc. Alongside, we have reon-
rmed that the low-density approximation of the quan-
tum kineti equation gives reasonable qualitative results
in the subritial eld strength regime.
Our results suggest similar ndings for larger pulse
lengths but smaller eld strengths, yielding similar
Keldysh parameters γ ≃ 1. Numerial studies in this
regime are hallenging. Given the future potential of
pulse shaping with higher harmonis, and in the light
of suggestions for enhaning pair prodution with tay-
lored pulses [32℄, suh investigations are highly relevant
and learly a worthwhile pursuit.
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